Introduction {#Sec1}
============

Tissues are composed of a large number of cells with different functions and morphology. However, most of mature cells are not able to proliferate. Instead, mature cells are replenished by the presence of population of adult stem cells which possess the ability to self renew and to differentiate into various cell lineages. The key role of stem cells is to supply tissue with new cells in homeostatic manner.

The process of maintaining the number of mature cells is a well regulated, multistep process, consisting of differentiation of stem cells and their progeny and of the self-renewal of the stem cell population. The process of differentiation may be divided into several stages. Both stem cells and their progeny can self-renew (Marciniak-Czochra et al. [@CR15]). However, when the progeny of the stem cells enter to the higher stages of differentiation, their ability to differentiate is reduced and ultimately lost when they reach full maturity.

Mechanisms of regulation of these complex processes are not well understood. The promise of novel stem cells-based therapies, such as therapies for impaired organs, degenerative diseases (Ehnert et al. [@CR7]; Gratwohl and Baldomero [@CR10]; Macarthur et al. [@CR14]) or reconstitution of blood structure after chemotherapy in treatment of leukemias (Marciniak-Czochra and Stiehl [@CR16]), has led to increase of interest in this field. Several mathematical and numerical models were developed to help in understanding stem cell differentiation (Stiehl and Marciniak-Czochra [@CR28]; Marciniak-Czochra et al. [@CR15]; Till et al. [@CR29]; Wu et al. [@CR30]; Colijin and Mackey [@CR4]).

The aforementioned models present different mathematical approaches to describe processes of differentiation and self renewal (Stiehl and Marciniak-Czochra [@CR28]; Marciniak-Czochra et al. [@CR15]; Doumic et al. [@CR6]) involving stem cells proliferation (Till et al. [@CR29]) and mechanisms of stem cell fate decision (Wu et al. [@CR30]) or stem cells regulation system (Colijin and Mackey [@CR4]). Each of these models describes different parts of the process of homeostasis in adult tissue. However, an important difference is how an environmental and intracellular perturbations during those processes are considered, and if they have a reflection in the mathematical form of the models.

The main purpose of this study is to investigate a stochastic stability of the system presented in Marciniak-Czochra et al. ([@CR15]) and study how the model responds to noise. We choose this particular model, for its simplicity and for its general macroscopic approach to the problem. An additional advantage of this model is a promising application in describing blood reconstitution after chemotherapy (Marciniak-Czochra and Stiehl [@CR16]).

The paper is organised as follows. First, we present a short description of the model developed in Marciniak-Czochra et al. ([@CR15]) and also the biological and mathematical assumptions related to this model. Then, we propose a stochastic version of this model using a system of stochastic ordinary differential equations that are in the form of the original model. Further, we present some numerical simulations of the stochastic model. In the Appendix, we prove mathematical proof of the long-time behaviour of the distribution of the stochastic process described by the stochastic version of the model. We study the evolution of the distribution of the solution of stochastic version of the model which is related to some Markov semigroup. We also investigate the existence of the stationary distribution of the stochastic model. Finally, the asymptotic stability of the Markov semigroup related to the stochastic model is shown. The proof is based on the theory of Markov semigroups and the method of the Khasminskií function (Rudnicki et al. [@CR24]; Pichór and Rudnicki [@CR20]; Skwara [@CR26], [@CR27]).

Deterministic Model {#Sec2}
===================

This section is devoted to the deterministic model proposed in Marciniak-Czochra et al. ([@CR15]) and analysed in Stiehl and Marciniak-Czochra ([@CR28]), Nakata et al. ([@CR18]). We assume that there exists a discrete chain of differentiation stages and skipping of some stages during the process of differentiation is impossible. Cell behaviour at each stage of maturation is described by parameters of death rate, proliferation rate and a probability of differentiation. Additionally, it is assumed that the system is regulated by a single cytokine similarly as the red blood cells production is controlled by erythropoietin (Fried [@CR9]; Metcalf [@CR17]; Lasota et al. [@CR13]; Adamson [@CR1]; Ratajczak et al. [@CR22]) or the process of specializing of granulocytes is by G-CSF (Metcalf [@CR17]; Semerad et al. [@CR25]; Price et al. [@CR21]).
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                \begin{document}$$1$$\end{document}$, which corresponds to different types of differentiation: symmetric self-renewal, symmetric differentiation and asymmetric divisions.

The model is based on the assumption that cells divide at the rate $\documentclass[12pt]{minimal}
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We also note that when the population of mature cells $\documentclass[12pt]{minimal}
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In previous works, different numbers of compartments $\documentclass[12pt]{minimal}
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                \begin{document}$$n=8$$\end{document}$ is a direct reflection of the biological case of differentiation of white blood stem cells into Neutrophil Granulocyte (Jandl [@CR12]). The number $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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                \begin{document}$$n=2$$\end{document}$ or 3. In the first case we treat all immature cells jointly with stem cells as one population and mature cells as another one. The second case is related to the properties of dividing cells. The first compartment might be understood as stem cells and their direct progeny, which are characterised by a low frequency of divisions, the second one as the direct progenitors of mature cells, which are characterised by a high frequency of division. The third compartment is treated as a population of mature cells, which do not divide any more.

Stochastic Model {#Sec3}
================

In this chapter, we present a stochastic version of the deterministic model ([3](#Equ3){ref-type=""}). We convert the latter deterministic system of differential equations to a system of Itô stochastic differential equation in the following way:$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{{d}}\xi _1&= \left( \left( \frac{2a_1}{1+k\xi _n}-1\right) p_1\xi _1 -\mu _1 \xi _1\right) \mathrm{{d}}t+\alpha _1\xi _1\mathrm{{d}}W_{1,t}, \nonumber \\ \mathrm{{d}}\xi _2&= \left( \left( \frac{2a_2}{1+k\xi _n}-1\right) p_2\xi _2+2\left( 1-\frac{a_1}{1+k\xi _n}\right) p\xi _1-\mu _2\xi _2\right) \mathrm{{d}}t +\alpha _2\xi _2\mathrm{{d}}W_{2,t},\nonumber \\&\quad \vdots \nonumber \\ \mathrm{{d}}\xi _n&= \left( 2\left( 1-\frac{a_{n-1}}{1+k\xi _n}\right) p_{n-1}\xi _{n-1}-\mu _n \xi _n\right) \mathrm{{d}}t+\alpha _n\xi _n\mathrm{{d}}W_{n,t}, \end{aligned}$$\end{document}$$where stochastic processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _2$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\dots $$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _n$$\end{document}$ describe the same variables as in the model ([3](#Equ3){ref-type=""}), the densities of the population of stem cells, cells at different stages of differentiation and mature cells. Coefficients $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$a_i$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p_i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\dots ,n-1$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mu _i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\dots n$$\end{document}$ satisfy assumptions ([4](#Equ4){ref-type=""}), ([5](#Equ5){ref-type=""}). $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(W_{1,t},\dots W_{n,t})$$\end{document}$ is an $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n$$\end{document}$-dimensional Wiener process and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha _i$$\end{document}$ for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$i=1,\dots ,n$$\end{document}$ are positive.

In the rest of this chapter we will consider the following $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$2$$\end{document}$-dimensional version of the model ([7](#Equ7){ref-type=""}):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{{d}}\xi _1&= \left( \frac{2a}{1+k\xi _2}-1\right) p\xi _1\mathrm{{d}}t+\alpha _1\xi _1\mathrm{{d}}W_{1,t}, \nonumber \\ \mathrm{{d}}\xi _2&= \left( 2\left( 1-\frac{a}{1+k\xi _2}\right) p\xi _1-\mu \xi _2\right) \mathrm{{d}}t+\alpha _2\xi _2\mathrm{{d}}W_{2,t}, \end{aligned}$$\end{document}$$where as was mentioned in the previous section, processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1,$$\end{document}$ may be interpreted as a density of population of cells which are not yet differentiated and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _2$$\end{document}$ as a density of mature cells population. The latter model is well posed, the solution exists and is unique, which results directly from the following consideration. System ([8](#Equ8){ref-type=""}) is understood as a solution of the following stochastic integral equation$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \xi _1(t)&= \xi _1(0)+\int \limits _0^t\left( \frac{2a}{1+k\xi _2}-1\right) p\xi _1\mathrm{{d}}t+\int \limits _0^t\alpha _1\xi _1\mathrm{{d}}W_{1,t}, \nonumber \\ \xi _2(t)&= \xi _2(0)+\int \limits _0^t\left( 2\left( 1-\frac{a}{1+k\xi _2}\right) p\xi _1-\mu \xi _2\right) \mathrm{{d}}t+\int \limits _0^t\alpha _2\xi _2\mathrm{{d}}W_{2,t}. \end{aligned}$$\end{document}$$One may note that the following formulas are bounded$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} -1&\le \frac{2a}{1+k\xi _2}-1\le 2a-1 \nonumber \\ 0&\le 2\left( 1-\frac{a}{1+k\xi _2}\right) p \le 2p. \end{aligned}$$\end{document}$$Using comparison theorem for one-dimensional Itó process ((Ikeda and Watanabe [@CR11], p. 352)) and ([10](#Equ10){ref-type=""}) we may find two stochastic processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(N_1(t),N_2(t))$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(M_1(t),M_2(t))$$\end{document}$ described by the following systems of Itô stochastic differential equations$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{{d}}M_1&= -pM_1\mathrm{{d}}t+\alpha _1M_1\mathrm{{d}}W_{1,t} \nonumber \\ \mathrm{{d}}M_2&= -\mu M_2\mathrm{{d}}t+\alpha _2M_2\mathrm{{d}}W_{2,t} \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mathrm{{d}}N_1&= (2a-1)pN_1\mathrm{{d}}t+\alpha _1N_1\mathrm{{d}}W_{1,t}, \nonumber \\ \mathrm{{d}}N_2&= (2pN_1-\mu N_2)\mathrm{{d}}t+\alpha _2N_2\mathrm{{d}}W_{2,t}, \end{aligned}$$\end{document}$$and satisfying the following inequalities$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_1(t)&\le \xi _1(t) \le N_1(t), \nonumber \\ M_2(t)&\le \xi _2(t) \le N_2(t) \quad \mathrm a.s. \end{aligned}$$\end{document}$$Since a solution of the system ([11](#Equ11){ref-type=""})--([12](#Equ12){ref-type=""}) exists and is unique, then the process described in Eq. ([9](#Equ9){ref-type=""}) exists and is unique. It is straightforward that the processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _2$$\end{document}$ are non-negative if and only if the initial processes are non-negative. Since the solution of the Eqs. ([11](#Equ11){ref-type=""}) is as follows$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} M_1(t)&= M_1(0)\exp \left\{ \left( -p-\frac{\alpha _1^2}{2}\right) t+\alpha _1 W_{1,t}\right\} , \nonumber \\ M_2(t)&= M_2(0)\exp \left\{ \left( -\mu -\frac{\alpha _2^2}{2}\right) t+\alpha _2 W_{2,t}\right\} \end{aligned}$$\end{document}$$and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$M_1(0),M_2(0)\ge 0$$\end{document}$, the processes $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _1(t)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\xi _2(t)$$\end{document}$ are non-negative.

Biological Interpretation of the Noise in the Model {#Sec4}
---------------------------------------------------

There are different ways to introduce stochastic perturbations into a continuous model. In some cases, stochastic perturbations might be computed as a limit of the discrete random process. In population dynamics, a random birth--death process is usually the base of such consideration.

On the other hand, a non-degenerated diffusion in a system of stochastic differential equations, which is proportional to the variables, may be understood as an environmental stochastic perturbation. Similarly to papers (Allen [@CR2]; Arnold et al. [@CR3]; Dalal et al. [@CR5]) a stochastic noise in the model ([8](#Equ8){ref-type=""}) is understood as an environmental perturbation which act independently and proportionally on each population. Noise in the model ([8](#Equ8){ref-type=""}) may be introduced as a limit of birth--death process but in our model it would be difficult to justify it. It is related to the macroscopic response of the population for environmental perturbation. Additionally, the noise in the first equation of system ([8](#Equ8){ref-type=""}) might be understood as an environmental stochastic noise that has an impact on the death and proliferation process. We also assume that this noise has no impact on the regulation of the differentiation process. Independence of the noise in system ([8](#Equ8){ref-type=""}) is understood as a lack of correlation between Wiener processes $\documentclass[12pt]{minimal}
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Analytical Results {#Sec5}
==================

The main result presented in this chapter is related to the long-time behaviour of the solution of the model ([8](#Equ8){ref-type=""}). We investigate the evolution of the probability density $\documentclass[12pt]{minimal}
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The following proposition provides the necessary condition for the coefficients of the model ([8](#Equ8){ref-type=""}) to guarantee the asymptotic stability of the related Markov semigroup.

**Proposition 1** {#d30e4751}
-----------------
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                \begin{document}$$(2a-1)p-\frac{\alpha _1^2}{2}>0$$\end{document}$, the distribution of the populations stabilises and tends to the stationary distribution.

Numerical Simulation {#Sec6}
====================

In this chapter, we present some numerical simulations of the solutions of the two versions of model ([7](#Equ7){ref-type=""}). As it is mentioned in the previous chapters, model ([7](#Equ7){ref-type=""}) might be considered with several values of $\documentclass[12pt]{minimal}
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                \begin{document}$$8$$\end{document}$-dimensional version because of its direct connection to the process of differentiation of white blood cells. Its deterministic realisation and application to hematopoietic reconstitution are presented in Marciniak-Czochra and Stiehl ([@CR16]).

The simulations are done using the Matlab R2007b, and SDE Toolbox created by Picchini ([@CR19]). The stochastic trajectories were approximated using Euler--Maruyama scheme (Picchini [@CR19]) while the approximation of mean values is done using Monte--Carlo simulations.
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We present three numerical simulations of the stochastic model with $\documentclass[12pt]{minimal}
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In simulations presented in Fig. [2](#Fig2){ref-type="fig"}, we increase the diffusion coefficients for the stem cells population and populations at first two stages of maturation. A large noise of first three populations leads to the extinction. In this description by 'extinction' we mean a convergence of the expected value to zero. However, the interesting observation is that the noise added to the first stages of differentiation does not have any influence on the population of mature cells and the populations at late stages of differentiation. On the other hand, Fig. [3](#Fig3){ref-type="fig"} presents the simulations where we increased the noise for the population of mature cells and the three last stages of differentiation. One may notice that the effect seen in Fig. [2](#Fig2){ref-type="fig"} is obtained in Fig. [3](#Fig3){ref-type="fig"}. While the addition of noise disturbs the processes at last stages of differentiation, the first stages of differentiation seem to be insensitive for such perturbation. We might form a conclusion of those three simulations that the effect of noise directed to some subpopulation is dumped at the sufficiently distant subpopulation.Fig. 2Mean value, $\documentclass[12pt]{minimal}
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Conclusions {#Sec7}
-----------

Simulations presented in Figs. [1](#Fig1){ref-type="fig"}, [2](#Fig2){ref-type="fig"} and [3](#Fig3){ref-type="fig"} show the behaviour of the stochastic model ([7](#Equ7){ref-type=""}) and these need to be interpreted together with the form of the deterministic model. In Fig. [2](#Fig2){ref-type="fig"}, we see the extinction of the first three subpopulations. Provided that $\documentclass[12pt]{minimal}
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                \begin{document}$$a_4>\frac{1}{2}$$\end{document}$, the fourth subpopulation should take the role of the stem cells and maintain the whole process. On the other hand, since the third quartiles of the first three subpopulations reach a high level in comparison to the unperturbed case, some of the trajectories also reach large values. However, such a case is not observed in subsequent subpopulations. In Fig. [3](#Fig3){ref-type="fig"} we may observe similar effects. The four last subpopulations are perturbed, although, mean values and quartiles of the trajectories of the first three subpopulations are similar to those presented in Fig. [1](#Fig1){ref-type="fig"}. Since some of the realisations of the last subpopulation reach very low levels, the negative feedback should lead to an increase of the stem cell population; however, this is not observed in the stochastic simulation. In Fig. [3](#Fig3){ref-type="fig"}, we note that some of the trajectories of the fourth subpopulation reach twice level observed in Fig.  [1](#Fig1){ref-type="fig"}. Therefore, in the case when the last subpopulatons are perturbed, subpopulations which are the nearest to the maturation level are mobilized to stabilize the process.
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========

Basic Definitions {#Sec9}
-----------------
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### **Definition 2** {#d30e7626}
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### **Definition 3** {#d30e7841}
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### **Definition 4** {#d30e8051}
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### **Definition 5** {#d30e8115}
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### *Remark 6* {#d30e8231}
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### **Definition 7** {#d30e8430}
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### **Definition 8** {#d30e8559}
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### **Theorem 9** {#d30e8601}
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### **Definition 10** {#d30e8769}
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### **Theorem 11** {#d30e9167}
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Proof of the Proposition 1 {#Sec11}
--------------------------
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### *Remark 13* {#d30e13673}
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According to the Theorem 12, in order to exclude sweeping we need to construct the Khasminskií function for the semigroup $\documentclass[12pt]{minimal}
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Exact construction of Khasminskií function is very technical. We have omitted pure algebraic computation and left only important conditions and inequalities. The proof is divided into two parts. In the first one we assume that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{lllll} &{}(x-z-\gamma -\gamma _1)^4+(y-z-\gamma )^4 = r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_1, \\ &{}z=y-\gamma - r &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_2, \\ &{}(y-z-\gamma )^4 + (x-y+z-\gamma _1)^4=r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_3, \\ &{}z=y-x-r+\gamma _1 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_4, \\ &{}(x+z+\delta -\gamma -\gamma _1)^4+(y-x-z+\gamma _1)^4=r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_5, \\ &{}z=-x+\gamma +\gamma _1 -\delta -r &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_6,\\ &{}(x+z+\delta -\gamma -\gamma _1)^4+(y+z+\delta -\gamma -\gamma _1+\gamma _2)^4=r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_7,\\ &{}z=-y-\delta +\gamma +\gamma _1-\gamma _2-r &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_8, \\ &{}(y+z+\delta -\gamma -\gamma _1+\gamma _2)^4+(x-y-z-\gamma _1+\delta )^4=r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_9, \\ &{}z=x-y-\gamma _1+\delta -r &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_{10},\\ &{}(x-z-\gamma -\gamma _1)^4+(y-x+z+\gamma _1-\delta )^4=r^4 &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_{11}, \\ &{}z=x-\gamma -\gamma _1 -r &{}\quad \mathrm{ for }\; x,y &{}\in &{}D_{12}, \end{array} \end{aligned}$$\end{document}$$where domains $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \begin{array}{lll} D_1{:=}\{(x,y)\in \mathbb {R}^2;&{} y>z_0+\gamma + r, x>z_0+\gamma +\gamma _1, x-\gamma _1 -r <y<x-\gamma _1 +r \}, \\ D_2{:=}\{(x,y)\in \mathbb {R}^2;&{} y>z_0+\gamma + r, x>\gamma +\gamma _1 +r, x-\gamma _1 -r <y\}, \\ D_3{:=}\{(x,y)\in \mathbb {R}^2;&{} y>z_0+\gamma , x<\gamma +\gamma _1 +r, \frac{1}{2}x+\frac{\gamma +\gamma _1+r}{2} +z_0 <y\}, \\ D_4{:=}\{(x,y)\in \mathbb {R}^2;&{} y>x+z_0-\gamma _1+r +\delta +r, x<\gamma +\gamma _1-r, \gamma -\delta +r <y\}, \\ D_5{:=}\{(x,y)\in \mathbb {R}^2;&{} y>2(x+z_0-\gamma _1)-\gamma +\delta +r, \gamma -\delta -r <y<\gamma -\delta +r \}, \\ D_6{:=}\{(x,y)\in \mathbb {R}^2;&{} x<z_0+\gamma +\gamma _1-\delta -z_0-r, x-\gamma _2 +r <y<\gamma -\delta -r \},\\ D_7{:=}\{(x,y)\in \mathbb {R}^2;&{} y<-x-2(z_0+\gamma +\gamma _1-\delta )-\gamma _2+ r, \\ &{} x-\gamma _2 -r <y<x-\gamma _2 +r \}, \\ D_8{:=}\{(x,y)\in \mathbb {R}^2;&{} y<-z_0-\delta +\gamma +\gamma _1-\gamma _2-r, x<2(\gamma _1-\delta ) +\gamma -\gamma _2-r,\\ &{} y<x-\gamma _2 -r \}, \\ D_9{:=}\{(x,y)\in \mathbb {R}^2;&{} y<-z_0-\delta +\gamma +\gamma _1-\gamma _2, x>2(\gamma _1-\delta ) +\gamma -\gamma _2-r, \\ &{} y<\frac{1}{2}(x-\delta +\gamma -\gamma _2)-z_0+\gamma _1 \}, \\ D_{10}{:=}\{(x,y)\in \mathbb {R}^2;&{} y>-z_0-\delta +\gamma +\gamma -1-\gamma _2, x>2(\gamma _1-\delta )+\gamma _2+r, \\ &{}y<\gamma +\delta -r \}, \\ D_{11}{:=}\{(x,y)\in \mathbb {R}^2;&{} y>\gamma +\delta -r, x>z_0+\gamma +\gamma _1, y<2(x-z_0-\gamma _1)-\gamma +\delta \}, \\ D_{12}{:=}\{(x,y)\in \mathbb {R}^2;&{} y>\gamma +\delta + r, x>z_0+\gamma +\gamma _1+r, y<x-\gamma _1 -r \}. \end{array} \end{aligned}$$\end{document}$$We can estimate the first and the second order derivative of the function $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} 0<\frac{\partial z}{\partial x}, \frac{\partial z}{\partial y}<1, 0<\frac{\partial ^2 z}{\partial x^2}, \frac{\partial ^2 z}{\partial y^2}<\frac{6}{r}\quad \mathrm{ for }\; x,y&\in D_1, \nonumber \\ \frac{\partial z}{\partial x}=0, \frac{\partial z}{\partial y}=1 \mathrm{ for }\; x,y&\in D_2, \nonumber \\ -1<\frac{\partial z}{\partial x}<0, \frac{\partial z}{\partial y}=1, 0<\frac{\partial ^2 z}{\partial x^2}<\frac{6}{r}, \frac{\partial ^2 z}{\partial y^2}=0 \quad \mathrm{ for }\; x,y&\in D_3, \nonumber \\ \frac{\partial z}{\partial x}=-1, \frac{\partial z}{\partial y}=1 \quad \mathrm{ for }\; x,y&\in D_4, \nonumber \\ \frac{\partial z}{\partial x}=-1, 0<\frac{\partial z}{\partial y}<1, \frac{\partial ^2 z}{\partial x^2}=0, 0<\frac{\partial ^2 z}{\partial y^2}<\frac{6}{r}\quad \mathrm{ for }\; x,y&\in D_5, \nonumber \\ \frac{\partial z}{\partial x}=-1, \frac{\partial z}{\partial y}=0 \quad \mathrm{ for }\; x,y&\in D_6, \nonumber \\ -1<\frac{\partial z}{\partial x}, \frac{\partial z}{\partial y}<0, 0<\frac{\partial ^2 z}{\partial x^2}, \frac{\partial ^2 z}{\partial y^2}<\frac{6}{r} \quad \mathrm{ for }\; x,y&\in D_7, \nonumber \\ \frac{\partial z}{\partial x}=0, \frac{\partial z}{\partial y}=-1\quad \mathrm{ for }\; x,y&\in D_8, \nonumber \\ 0<\frac{\partial z}{\partial x}<1, \frac{\partial z}{\partial y}=-1, 0<\frac{\partial ^2 z}{\partial x^2}<\frac{6}{r}, \frac{\partial ^2 z}{\partial y^2}=0\quad \mathrm{ for }\; x,y&\in D_9, \nonumber \\ \frac{\partial z}{\partial x}=1, \frac{\partial z}{\partial y}=-1 \quad \mathrm{ for }\; x,y&\in D_{10}, \nonumber \\ \frac{\partial z}{\partial x}=1, -1<\frac{\partial z}{\partial y}=0, \frac{\partial ^2 z}{\partial x^2}=0, 0<\frac{\partial ^2 z}{\partial y^2}<\frac{6}{r} \quad \mathrm{ for }\; x,y&\in D_{11}, \nonumber \\ \frac{\partial z}{\partial x}=1, \frac{\partial z}{\partial y}=0\quad \mathrm{ for }\; x,y&\in D_{12}. \end{aligned}$$\end{document}$$One can also notice that in the domains $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} g_1(x,y)&< -3\varepsilon \quad \mathrm{in }\; D_1, D_2, D_5, D_6, \nonumber \\ g_1(x,y)&< -p -\frac{1}{2}\alpha _1^2 -2\varepsilon \quad \mathrm{in } \;D_3, D_4, \nonumber \\ g_1(x,y)&> 3\varepsilon \quad \mathrm{in }\; D_7, D_8, D_{10}, D_{11}, D_{12}, \nonumber \\ g_1(x,y)&> (2a-1)p-\frac{1}{2}\alpha _1^2+2\varepsilon \quad \mathrm{in }\; D_9, D_{10},\nonumber \\ g_2(x,y)&< -3\varepsilon \quad \mathrm{in }\; D_1, D_2, D_3, \nonumber \\ g_2(x,y)&< -2\varepsilon \quad \mathrm{in }\; D_4, D_{11}, D_{12}, \nonumber \\ g_2(x,y)&> 2\varepsilon \quad \mathrm{in }\; D_5, D_6,\nonumber \\ g_2(x,y)&> 3\varepsilon \quad \mathrm{in }\; D_7, D_8, D_9. \end{aligned}$$\end{document}$$By virtue of properties ([67](#Equ67){ref-type=""}), ([68](#Equ68){ref-type=""}) and ([69](#Equ69){ref-type=""}) and assuming that $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} A^*V&< -3\varepsilon \left( \frac{\partial z}{\partial x}+\frac{\partial z}{\partial y}\right) +\frac{3}{r}(\alpha _1^2+\alpha _2^2)<-\varepsilon \quad \mathrm{ for }\; x,y \in D_1, \nonumber \\ A^*V&< -3\varepsilon \frac{\partial z}{\partial y}<-\varepsilon \quad \mathrm{ for }\; x,y \in D_2, \nonumber \\ A^*V&< \frac{\partial z}{\partial x}\left( \left( \frac{2a}{1+ke^y}-1\right) p-\frac{1}{2}\alpha ^2_1\right) -p-\frac{1}{2}\alpha _1^2-2\varepsilon +\frac{3}{r}\alpha _1^2 <-\varepsilon \quad \mathrm{ for }\; x,y \in D_3, \nonumber \\ A^*V&< -\left( \left( \frac{2a}{1+ke^y}-1\right) p-\frac{1}{2}\alpha ^2_1\right) -p-\frac{1}{2}\alpha _1^2-2\varepsilon <-\varepsilon \quad \mathrm{ for }\; x,y \in D_4, \nonumber \\ A^*V&< -\left( \left( \frac{2a}{1+ke^{\gamma -\delta +r}}-1\right) p-\frac{1}{2}\alpha ^2_1\right) +\frac{3}{r}\alpha _2^2 <-\varepsilon \quad \mathrm{ for }\; x,y \in D_5, \nonumber \\ A^*V&< -\left( \left( \frac{2a}{1+ke^{\gamma -\delta +r}}-1\right) p-\frac{1}{2}\alpha ^2_1\right) <-\varepsilon \quad \mathrm{ for }\; x,y \in D_6, \nonumber \\ A^*V&< 3\varepsilon \left( \frac{\partial z}{\partial x}+\frac{\partial z}{\partial y}\right) +\frac{3}{e}(\alpha _1^2+\alpha _2^2) <-\varepsilon \quad \mathrm{ for }\; x,y \in D_7, \nonumber \\ A^*V&< -3\varepsilon \frac{\partial z}{\partial y} <-\varepsilon \quad \mathrm{ for }\; x,y \in D_8, \nonumber \\ A^*V&< \frac{\partial z}{\partial x}\left( \left( \frac{2a}{1+ke^y}-1\right
) p-\frac{1}{2}\alpha ^2_1\right) -(2a-1)p+\frac{1}{2}+\alpha _1^2-2\varepsilon +\frac{3}{r}\alpha _1^2 \nonumber \\&< -\varepsilon \quad \mathrm{ for }\; x,y \in D_9, \nonumber \\ A^*V&< \frac{\partial z}{\partial x}\left( \left( \frac{2a}{1+ke^y}-1\right) p-\frac{1}{2}\alpha ^2_1\right) -(2a-1)p+\frac{1}{2}\alpha _1^2-2\varepsilon <-\varepsilon \quad \mathrm{ for }\; x,y \in D_{10}, \nonumber \\ A^*V&< \left( \left( \frac{2a}{1+ke^{\gamma +\delta -r}}-1\right) p-\frac{1}{2}\alpha ^2_1\right) +\frac{3}{r}\alpha _2^2<-\varepsilon \quad \mathrm{ for }\; x,y \in D_{11}, \nonumber \\ A^*V&< \left( \left( \frac{2a}{1+ke^{\gamma +\delta -r}}-1\right) p-\frac{1}{2}\alpha ^2_1\right) <-\varepsilon \quad \mathrm{ for }\; x,y \in D_{12}. \end{aligned}$$\end{document}$$Inequalities ([70](#Equ70){ref-type=""}) show that $\documentclass[12pt]{minimal}
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